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1. Kubo formula for conductivity (10 + 10 + 10 + 70 Points)

(a) Consider the Lagrangian of a particle in an electromagnetic field (with the scalar
potential Φ and the vector potential A)

L =
1

2
mv2 + qv ·A− qΦ.

Show that the correct equations of motion follow from this Lagrangian. Perform a
Legendre transform and show that the Hamiltonian is given by

H =
1

2m
(p− qA)2 + qΦ,

where p is the canonical momentum. How is this Hamiltonian generalized to many
non-interacting particles? Show that the electric current J = q

∑
i vi is obtained

by varying H with respect to the vectro potential A (A and p are independent
variables in the Hamiltonian picture).

q
∂H

∂A
= −q

∑
i

vi = −J .

(b) In second quantization the Hamiltonian reads

H =
1

2m

∑
α

∫
ddxψ†α (x)

(
~
i
∇− qA

)2

ψα (x) .

A is not quantized. Calculate the first variation ofH with respect to A:H (A + δA)−
H (A). Be carefull with the non-commuting A and ∇! Show that

j =
~q

2mi

∑
α

∫
ddx

[
ψ†α (x) (∇ψα (x))−

(
∇ψ†α (x)

)
ψα (x)

]
−

∑
α

∫
ddx

q2

m
Aψ†α (x)ψα (x) .

The first term of j is called the paramagnetic contribution jp, the second is called
the diamagnetic contribution jdia.



(c) Remembering that the current operator was obtained as a first variation of H with
respect to A, it is easy to write down the coupling Hamiltonian HEM in terms of
the current j (x) and the vector potentian A (x). Show that

〈j (t)〉 = 〈jp (t)〉 − q2

m
A (t) 〈ρ〉0 .

Using the Kubo formula demonstrate that〈
ji (t, x)

〉
=

∫ ∞
−∞

ddx′

×
[
−i
∫ ∞
−∞

dt′θ (t− t′)
〈[
jip (t, x) , jkp (t′, x′)

]〉
0
−
∫ ∞
−∞

dt′δ (x− x′) δ (t− t′) δki
q2

m
〈ρ〉0

]
Ak (x′, t′) .

Disregard all non-linearities in A. By Fourier transforming this result, show that
for the conductivity σik (ω, q) holds

σik (ω, q) =
1

iω
CR
ik (ω, q)− 1

iω
δki
q2

m
〈ρ〉0 ,

where CR
ik (ω, q) is the Fourier transform of the correlator

− i
∫ ∞
−∞

dt′θ (t− t′)
〈[
jip (t, x) , jkp (t′, x′)

]〉
0
. (1)

Use the gauge Φ = 0.

(d) Calculate the real part of the conductivity

Re [σjk (ω → 0, q = 0)] = lim
ω→0

Re

[
1

iω
CR
ik (ω, q = 0)

]
.

Use the Matsubara formalism. The corresponding Matsubara Green’s function is

Cik (τ, τ ′) = Cik (τ − τ ′) = −
〈
Tτ
{
jip (τ, q) jkp (τ ′,−q)

}〉
,

where τ is the imaginary time t→ −iτ . In the frequency and momentum represen-
tation the Green’s function reads

Cik (ωn, q) = −
〈〈
jip (ωn, q) j

k
p (−ωn,−q)

〉〉
. (2)

Use the single particle Green’s function

Gq,iωn =
1

iωn − εq + i
2τ

sgnωn
,

Where the term i
2τ

sgnωn is a self-energy contribution due to impurity scattering. To
calculate the correlator (2) you need to consider the diagram shown in Abbildung
1. Continue analytically to real frequencies before performing the integration over
momenta. For the Matsubara summation you will need a threefold contour with
two brunch-cuts. Show, finally, that the old Drude-result is obtained

σxx =
e2τn

m
.



For more hints take a look at standard literature such as the books by Altland &
Simons and Bruus & Flensberg.

Abbildung 1: Diagrammatic representation of the current-current correlation function


