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|deales Bose-Gas

Der Zustand ist charakterisiert lediglich durch n

N:Z’n)\ E:ZTL)\E)\ TL)\:O,LQ,...,OO
)\ )\ Bosonen

Za(T,V, ) = Ze—ﬁ(En—uNn) _ Z e Blam(ear—n) e 7, — H 7
)

n {nx}
Z)\ - f: e_ﬁ(@\_ﬂ)nk _ 1
B . 1 — e Blex—n)
nH)=—

VA gilt ex > 1
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|deales Bose-Gas

Allgemeine Relationen

1
ZG(T7 V7 :u) — H |:1 _ e—ﬁ(EA—/vL):|

A

Q(T7 V) ,u) — _kBTln ZG(?Z_W7 V, I[L) p— ]{BTZIH |:1 L 6_6(€>\—M)i|

1
65(€>‘ —p) — 1

(Ny=-5-] ,=2m) () =npler) =

S = 9T v, = —kp Z ny) In(ny) — (14 (na)) In(1 + (ny)))

U=Q+TS5+ uN = ZG)\TLB(E)\)



|deales Bose-Gas

Freie nichtrelativistische Teilchen im Kasten

A

A = P, O z.B. 7Li, 23Na,,,, Gesamtspin von Elektronenund Kern F =S + 1

z.B. F =1
2
p 3/2,1/2
Ex = €p = o v(e) = ﬂjﬁwgh?’ Zustandsdichte
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|deales Bose-Gas

Q(T, V, ILL) — _k.BTln ZG(T, ‘/7 /’L) — k’BTZln |:1 — 6_5(€>\_:u)i|
A

Ex = €p = o v(e) = - Zustandsdichte
z=eP*  Fugazitit

T, V,p) = kpT (25 + 1) In[l — 2] + kpT(2s + 1)V7dey(e) In [1 — ze 7
Der Beitrag von e, = 0 muss separat boehandelt werden
um den Limes p — 0 richtig zu behandeln!
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|deales Bose-Gas

3/2,.1/2
z = e Fugazitit v(e) = S Zustandsdichte

\/§7T2 K3

QT Vo) = kT (25 + 1) In[1 — 2] + kgT'(2s + l)V/de v(€) In [1 _ ze_ﬁe}

0

”
T, V) =kgT (2s 4+ 1) In|l — z| — kgT'(2s + 1)>\—3 g5 /2(2)
T

Z’I’L

4 L&
g5/2 )= — ﬁ/da:a: In(1 — ze™ :Zn5/2
0 n=1

2
AT = \/ 2mh Thermische Wellenlange
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|deales Bose-Gas
m3/2e1/2
- \/§7T27i3

T, V,p) = kT (25 4+ 1) In[l — 2| 4+ kgT'(2s + 1)V/d6 v(e)ln |1 — ze_ﬁe}

0

Zustandsdichte

» =€’ Fugazitat V(€)

0 z [
ou \T,v (25 +1) 1 — =z (25 + 1)V/dey(€)n3(€)
0
o) 2 V
o |7y (25 + )l—z (25 + )>\ng3/2(2)
< n B O B . " B 2 h?
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|deales Bose-Gas

09 2 4
=~ oulry = (25 + 1) T (25 1)@93/2(2)

0 |

g5/2(z) — Z 52 93/2(2) — 28Z95/2(Z) — Z n3/2 AT = \/kaT

n=1 n=1
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|deales Bose-Gas
m3/2e1/2

- \/§7T2 K3
v

Q(T, V, ,u) — :ZCBT (28 + 1) ln[l — Z] — kBT(QS + 1))\—3 g5/2(2)
T

Zustandsdichte

z = eP*  Fugazitit v(e)

U=Q+TS5+ uN = ZGAnB(GA)
A

Kein Beitrag von e, = 0

3 V
U(T,V,u) = 5 kpT'(2s + 1))\—3 95/2(2’)
T

2, n 2mh?
95/2(Z) — Z n5/2 AT = \/kaT

n=1
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|deales Bose-Gas

Hohe Temperaturen n\} < 1

Vv v
VT, V,p) = kuT (25 + 1) In[l — 2] — kgT(25 + 1) g5/2(2) ~ —kpT(2s + 1) 77 2
T T

V V
N =(2s5+1) S (25—%1))\—393/2(2')%(254—1)—2
T

1 —z )\3T

3 V 3 V

T T

3
PV = —-Q =kgTN U:§kBTN
|deales klassisches Gas

00 " 2. 2 21 h?
95/2(2) — Z ni/Q 93/2(Z) - z—:l n3/2 )\T a \/kaT
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|deales Bose-Gas

Hohe Temperaturen n\; <1

Korrekturen zum klassischen idealen Gas

V 2? nA\3, 1 A3,
~ . | ~ 1
N~ @2s+ 1 (Z 23/2) T 251 1) ( 2372 (25 + 1)

. , 1 n\s
O~ —kpT(25 + 1) 15 (Z " #) Pr et <1 25/2 (25 +Tl>>
T

3 V 22 3 ! n)\gT
UN§]€BT(23—|—1)E (Z—i—m) U =~ §kBTN (1 25/2 (23_|_1)>

o0 T - z™ Ao — 27Th2
gs5/2(2) = Z 52 g3/2(2) = Z n3/2 = mkpT
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|deales Bose-Gas

B 27 h? 3
At = \/kaT Hohe Temperaturen n\; <1

nA

% s 1 1) < 1 * < —kgT
PV~ keTN (1 5 ") _ g

o 25/2 (25 + 1) .

Bose-Statistik ~ Anziehung
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Bose-Einstein-Kondensation

Tiefe Temperaturen n\j > 1

Z V
T

1 —2
o N N() | 1 g3/42)
T —= V — V | (23 -+ 1)@93/2(7«/) -A— e £ (3/2)=2,612... I

Teilchenzahl im Grundzustand

No = (2s+1) = (2s+ 1)np(e = 0)

1 — 2 0 1'
=, 2" 21 h?
93/2(2) = Z n3/2 e \/kaT
n=1
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Bose-Einstein-Kondensation

23/42) |
N N, 1  t(R)=2612..
n== (25 + 1) 57.93/2(2) -
No= (25 +1) —=
= (2s
U 1 — 2z
1 0 |
)\T 27 h?
)\T a \/kaT
oder T >1T.= 2mh ( e >2/3
© mkp \ (25 + 1)g3/2(1)
* normales Gas
Ny

lim —2 — 0 ' -
Vgnoo V Vlgnooz<1 Vh—{noo’u<0
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Bose-Einstein-Kondensation

A 8349 |
- N Ny 1 £(3/2)=2,612...
n=y =yt (2s + 1)@93/2(2)
No=(25+1) —
— S
’ 1 —z

. 1
Fur n>n. = (23—|—1))\—393/2(1)
T

21 h?
27 h? n 2/3 A\ = \/
oder T<T.= ( ) mknT
mkp \ (25 +1)g3/2(1) ;

7

Teil der Teilchen im Kondensat

1. 1. 1 1. O
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Bose-Einstein-Kondensation

Aus Wikipedia

This state of matter was first predicted by Satyendra Nath Bose
and Albert Einstein in 1924-25. Bose first sent a paper to Einstein

on the quantum statistics of light quanta (now cal
Einstein was impressed, translated the paper himse

ed photons).
f from English

to German and submitted it for Bose to the Zeitschrift fur Physik
which published it. Einstein then extended Bose's ideas to material
particles (or matter) in two other papers.

The Einstein manuscript, believed to be lost, was found in a library at

Leiden University in 2005.
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Bose-Einstein-Kondensation

.. 9 ﬁQ 2/3
Fir 7<7.=2%" ( r )
(25 + (1)

mkg 1)g3 /2
n =10+ (25 + 1) ~-g3/2(1) N
)\T kaT
3/2
o 1 T
T (284 1) —agaa(1) =1 — [ =
0 =1 @ D) =1 (1)
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"for the achievement of Bose-Einstein condensation in dilute
gases of alkall atoms, and for early fundamental studies of the
properties of the condensates”

Eric A. Cornell Wolfgang Ketterle Carl E. Wieman
@ 1/3 of the prize @ 1/3 of the prize @ 1/3 of the prize
USA Federal Republic of USA
Germany
University of Colorado, Massachusetts Institute of University of Colorado,
JILA Technology (MIT) JILA
Boulder, CO, USA Cambridge, MA, USA Boulder, CO, USA
b. 1961 b. 1957 b. 1951
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|deales Bose-Gas

Druck
v
Q(T,V,u) = kT (25 + 1) In[l — z] — kgT'(2s + 1))\—3 gs/2(2)
T
() Inj1 — 2

L Py 21 h?
gs/2(2) = Z 5/2 e mkgT

n=1
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|deales Bose-Gas

Druck
L 27 h? 2/3
P:kBT(28+1)—g5 2(2) T, = T ( n )
* A3, 75/ mkp \ (25 + 1)g3,2(1)
P. =kgT.(25+1) L (1) p
c — C S —_—
B )\%C 95/2 . V_5/3
P (L) S
\\\ \\\\
P c X 7’L5/3 XX V_5/ 3 P (T,) A \\\ -‘:/IM')tllernlen
S nen
e U
2" 2mh?
Z p—
95/2(2) = Z nb/2 AT \/kaT
n=1
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Bose-Einstein-Kondensation

Chemisches Potential

z V
N = (2s+1) - (25 4+ 1)—=593/2(2)
1 — 2 )\% /

| n(l)

‘ g32(2) |
£ (3/2) =2,612...

o

=0
OT | T=T.40

0% 11
OT? |T=T.40

<0

Monday, May 23, 2011



Bose-Einstein-Kondensation

Entropie

v
QT V,u) = kT (2s + 1) In|1 — z| — kgT'(2s + 1))\—3 gs/2(2)
T

z V _
N = (25 +1) 7= + (254 1)53.98/2(2) fim 22
T

— < V —o00 V

oS D V

=0

fU.I'T>TC S:_a—T V’lu:§kB(28+1)E95/2(z)_kBN1nZ
. of) 5 %4 3/9
fU.I'T<TC S:_a_T V,M:§kB(28+1)Eg5/2(1)O(T/

3. Hauptsatz
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Bose-Einstein-Kondensation

Warmekapazitat
(U _ . (9S\ . (9S(T.V.u(N.T)
v <3T)V,N_T(3T>V,N_T< or )V,N

fiir T < T, gilt 4 = 0 = const. und S = 5 kp(2s + 1) 37 g52(1) oc T°/2

fir T < T, gilt Cy = L2 kg(2s + 1)55 g5/2(1) ox T3/2
T

KN - — - —— -

\ 2
\ e,
Y~
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Bose-Einstein-Kondensation

Warmekapazitat
3 V
U(T,V,p) = 5 kgT(2s + 1)< g5/2(%)
2 X,
OU(T,V, u(N,T))
Cy =
oT VN
15 vV 3
= - kT (2s+ 1)@ gs/2(2) = 5
, Ev (D) -
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Bose-Einstein-Kondensation

Erfolgt nicht in 2D oder |ID

N = Z(n;} = ...+ (2s+ 1)V/deu(e)n3(e)
A 0

in 2D gilt v(€) o< €

in 1D gilt v(e) oc e~ 1/2

Makroskopische Besetzung des Grundzustandes nicht notig
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Hohlraum-Strahlung

Photonen
nur transversale Photonen
dO A=k, o o= =1
Hohlraum
) B p p— hk

€\ = €k = cp = chk

Zahl der Photonen nicht erhalten
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GroBkanonische Gesamtheit
alternative Herleitung

E:ES_I_EB N:NS_I_XB

X | |System ES<EP N®< NP

-

0Q) Das Gesamtsystem (System + Bad)
ist mikrokanonisch

Wam = anep fir E < E; + Ep < E+dE, sonst 0

AN (F) - Zahl der Zustande
ANB(E - B, N X
W, = Z Whm = AN(E ’ im Energiefenster

|E,E + dFE)]

kg InW, = kg In [ANB(E - E,,, N >Q —kB[AN( )]

B(
:sB(E—En,N—X 5= §P(B,N) - 5,22 E) n(?WN _
OF /@\Q
— const. — En _Mn

T
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Photonen

Der Zustand ist charakterisiert lediglich durch n

N:ZTL)\ E:ZTMEA ny=20,1,2,...,00
A A Bosonen

kanonisch oder grol3kanonisch!?

kanonisch:Warme-Austausch durch Erzeugung und Vernichtung von Photonen

Z(T,V) = Ze_ﬁE” = Z e B 2x maex
n {na}

groB3kanonisch: @ /= H Z)\
Zg(T,V,/L:O):Z ’

@)

1
_ —Beaxny __
Z)\ o Z ¢ o 1 — e_BEA

TLAZO
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Photonen

F(T’ V) — Q(T) |74 = O) = —kgT'In Zg(T, |74 u = O) — ]CBTZID [1 — 6_5@\]
A

A7re?

A=Kk, o o= =11 ex = €k = chk v(€) = (27he)3

€k Arw?
Frequenz Wk = n = ck v(w) = (2:33
0 =2 VkpT / dw v(w)In [1 — e~ ] / drz’In[1-e7%] = —Z—;
) 0
2 (kpT)4
Feq-_y~ UsT)

45 (ch)?
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Photonen

7T2 (kBT)4
F=Q=-V
45 (ch)?
OF F An? (kpT)3
oT v T "®" 45 (ch)3

U=F+TS=-3F

05 Ar? (kT)’ .
C — T— — k .
e A T P sinnvolle GroBe
po_ 9 _m (keT) Strahlungsdruck
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Plank’sche Strahlungsformel

B 1
- ePher — ]

(nk,0)

4k dk

Zahl der Photonen im Frequenz-Fenster n,dw = <7’Lk,a>2v (2 )3
o

Strahlungsenergie im Frequenz-Fenster pro Volumen

1
u(w, T)dw = 7 N, hwdw

h w3 Plank-Formel
7203 oBhw _ q (1900)

u(w,T) =
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Plank’sche Strahlungsformel

Strahlungsenergie (pro Frequenz, pro Volumen)

h w3

wlw,T) = Plank-Formel
( ) ) 1203 ePhw _ ]
A uo.1) fiir hw < kT
T3>T,>T, 1
L 2
u(w, T) = 2.3 k' w

Reyleigh-Jeans-Gesetz

fur hw > kBT

1n1ax

1 hw3 e—ﬁhw

Aoy = 2, 822k T

Wien’sches Verschiebungsgesetz
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Wien’sches Gesetz



Hohlraum-Strahlung

Abgestrahlte Leistung
dQ

Hohlraum d](@) — u(w, T) ¢ dw df) (dS COS (9)
T .

Total abgestrahlte Leistung pro Flache

dl
—:c/dwu(w,T)/ dS) cos 60
) Halbraum

al ¢
dS 4

/ dwu(w,T)=0cT* Stefan’sches Gesetz

_ 72/6%
60A3 c2

o)
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Akustische Phononen

Schall-Wellen
A = k, o longitudinale und 2x transversale Photonen g — [7 t17 to
p = hk €N — €k = CP = chk = hwy ¢ - Schall-Geschwindigkeit
() 4rrw? - B
v(w) = ir w < wp
Debye-Modell (2mc)?
o v(w) =0 fir w > wp
WD — CkD ~ T A
a
a - Gitterkonstante
Normierung, N Atome xong
(Elementarzellen)
“D N
S/dwy(w):3v " ;% _k,

0
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Akustische Phononen

v(w) = A fir w < w
Debye-Modell  (2me)? 7
v(w) =0 fiir w > wp
i —ﬁhw h(.UD
Q=3VkpT [ dwv(w)ln|l—e } Op =
0 g
Debye-Temperatur
Ubung
TB
Cv X —= fur T' < Op
HD

Cy =3Nkg furTl > 0p
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