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Part 1
Introduction

This course is concerned with phenomena in quantum condensed matter systems
that can be most efficiently analyzed and solved using quantum field theoretical
methods. To this end we first physically motivate, introduce, and investigate
retarded Green’s functions. We will use the equation of motion method to
solve several problems such as itinerant ferromagnetism, superconductivity, and
dynamical screening of the Coulomb interaction. For a more systematic analysis
of many-body systems we will then introduce the Feynman-diagram technique
of thermal Green’s functions and, once again, investigate superconductivity, but
also disordered systems. Finally we will discuss the non-equilibrium version of
many-body theory by using the Schwinger-Keldysh approach. As example, we
investigate quantum transport of graphene. Thus, the course is concerned with
learning techniques and applying them to solve given many-body problems.

In case of the screening of the Coulomb interaction, we consider for example
the Hamiltonian of non-relativistic electrons (no spin-orbit interaction) in a
crystalline potential U (r) and with electron-electron interaction V (r — r’):

/ddr Ea: Wl () (— h;f —u+U (r)> Ya (T)

53 [t el ) Ul )V (- ) 0 () e (). (1)
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H

Here 9, (r) is the fermionic field operator that annihilates an electron with spin
« at position r, obeying standard fermionic anti-commutation relation

[0 () 0} ()] | = 8p (1), @)



If we include a similar Hamiltonian for the motion of the nuclei, along with
the electron-nucleus Coulomb interaction, we pretty much have a complete de-
scription of a solid within the non-relativistic limit. Thus, it is possible to fully
define the standard model of condensed matter physics in the introductory lines
of a lecture. One might then be tempted to conclude that this area of physics
must be conceptually pretty trivial. All that seems left to do is to solve for the
eigenstates and eigenvalues of H, a task that one leaves to a gifted programmer
or a clever mathematician. However, except for small systems or systems with a
large number of conserved quantities, these many-body systems simply cannot
be solved exactly. We need to find ways to analyze such an Hamiltonian, or a
simplified version of it, that allow to make as rigorous statements as possible. In
fact, the beauty of condensed matter theory is to make predictions about new
states of matter and universal behavior that is emergent, i.e. that is not obvi-
ous if one looks at the initial degrees of freedom of the Hamiltonian. If nothing
else, these considerations reveal that simply writing down a fundamental the-
ory, doesn’t yield a whole lot of insight that goes beyond the understanding of
what the elementary building blocks of this theory are. Emergent phenomena,
such as spontaneous symmetry breaking, composite particles, new topological
states of matter etc. etc. require a detailed analysis that is primarily guided
by experiment and, of course, by some good physical intuition. The author of
these lecture notes is rather convinced that this is the same, regardless whether
we talk about the physics of a piece of metal, a neutron star, or the universe as
a whole.

Part 11
Observables and Green’s
functions

1 Linear response

We consider a system that is, at least initially, in thermodynamic equilibrium.
The expectation value of a physical observable is then given by

(4) =tr(pA), 3)

with density operator (often called density matrix)

1
_ —-BH

= —e . 4
p== (4)
Z = tre PH is the partition function and f = kE%T the inverse temperature.
In what follows we will use a system of units where kg = 1, i.e. we measure
temperatures in energy units. The generalization to the grand canonical ensem-

ble with chemical potential u is straightforward. The density operator is then



given as peq = Zige_ﬁ(H_“N% where N is the particle number operator. As we
will mostly use the grand canonical ensemble, we will often call H — uN the
Hamiltonian and continue to use the letter H. Determining such an expectation
value is a formidable task in many body theory and we will do this during this
course.

A scenario that occurs very frequently and that offers significant insight into
the inner workings of a complex condensed matter systems is based on the mea-
surement of an observable that follows some external perturbation. Such an
approach yields dynamical information, in fact it even allows to theoretically
study the stability of a state of matter with regards to a spontaneous symme-
try breaking. To this end we consider a system coupled to an external field
that is characterized by the interaction part of the Hamiltonian W (¢), i.e. the
Hamiltonian

Hiyot = H+ W (t) (5)

consists of the Hamiltonian H that describes our system in isolation and the
external time dependent perturbation W (t).
A specific example for W (¢) is the coupling

W(t)=—us 3 S B () (6)
of an external magnetic field to the electron spins

h i
Si=3 zﬁ: cl oapcip (7)

of a magnetic system. Another example is interaction
W) =-Y P B() ®)
i
between the electrical polarization
P, =e¢ Z cgaRicm (9)
o

and an external electrical field.

As for the time dependence of W (t), we always have in mind a scenario
where the system is not affected by the perturbation in the infinite past, i.e.
W (t = —o0) — 0. A convenient way to realize this is via

E(t) = lim Egexp(—i(w+1id)t)
d—0t

B(t) = lim Bgexp(—i(w+1d)t), (10)
d—0+

i.e. we include an infinitesimal positive imaginary part to the frequency of an
oscillatory time dependence. In the case of a more general time dependence we

would write © g
W (t) = lim LW (w) emilwiot, (11)

=0+ J_ o 2m



Next we consider the time evolution of the observable that follows as a
consequence of the applied external perturbation

(A4), =tr(p(t)A), (12)

where the density matrix obeys the von Neuman equation

(1) = [H+ W (1), (1) (13)

Note, in case of p (t) and W (t) we are analyzing the time dependence of opera-
tors that are in the Schréodinger picture. As a reminder, the von Neuman equa-
tion follows for an arbitrary density matrix p () = >, |Wiot,i (1)) i (Ttot,i (t)]
from the Schrédinger equation of the many body wave function |Wie ; (¢)) with
Hamiltonian Hiot. The dynamics of observables is then a consequence of the
time dependence of the density matrix. This is indicated by the subscript ¢ of
(4),.

As discussed, the perturbation is absent in the infinite past and we assume
the system was in equilibrium for ¢t — —oo:

pt = —c0)=p= %e*'@H. (14)
In most cases the external perturbation is small and we can confine ourselves
to changes in (A), that are linear in W (t). This regime is referred to as linear
response. The subsequent formalism can be (and has been) extended to include
higher order non-linearities. Here we will, however, only consider the leading
order, linear effects.
To proceed we go to the interaction representation

p(t) _ e—th/hp(l) (t) eth/h. (15)

Note, p(D) (t) corresponds to the interaction picture of the Hamiltonian Hyoy.
The Hamiltonian of our system of interest is of course H (W () is only used to
probe this system). If considered with regards to H, p*) (t) corresponds to the
Heisenberg picture. This is the reason why we will below state that operators
are taken in the Heisenberg picture.

Performing the time derivative gives

_ Op (1) irregng 000 (1)
P H tHt/h s “F " \") th/h. 1
ih 5t [H,p(t)+e ih TR (16)
Inserting the von Neuman equation yields
(D) (¢
in?? 10— Two @) o0 1) a7)

which is formally solved by (better, its solution is equivalent to the solution of)

o) = o= [ [WO )00 @] (18)



If we return to the Schrédinger picture, it follows
i [ , / , /
pt)=p—1 / dt'e HER W (1) p ()] H O (1)

One can now generate a systematic expansion with regards to W (¢) if one

solves this integral equation via recursion. At zeroth order holds of course
—BH

pty=p=¢ ZB . At first order we can insert this zeroth order solution in the

right hand side and obtain

p(t)=p— % / L e OOy 1), ] O (20)

— 00

We can now determine the expectation value of A:

. t
— (AL / M (¢ (1)
@, == [ dre (WO )] A0 ). (21)
One can cyclically change the order under the trace operation:
 [(Wp — pW) A] = tr [(AW — WA) p] (22)
which gives
.
i
@, == [ ar{[anm.wow)]). (23)
It is useful to introduce (the retarded Green’s function)
1
(a9 @B (#))) = =20 =) ([AD @), BO@)]) (20

such that

(A), = (A) + / N a ({AD 1); WD ). (25)

— 00

These considerations demonstrate that the linear response of a physical system
is characterized by retarded Green’s functions. The interesting result is that
we can characterize the deviation from equilibrium (e.g. dissipation in case of
the electrical conductivity) in terms of fluctuations of the equilibrium (equilib-
rium correlation functions). Among others, this will lead us to the fluctuation-
dissipation theorem. It will also offer a compact and unifying approach to study
the response of a system with regards to an arbitrary external perturbation.

Example, conductivity: as discussed, we have an interaction between the
electrical field and the electrical polarization:

w ) =-3P" E@). (26)



with (we will frequently not write down explicitly the limit § — 07)
E (t) = Egexp (—i (w+i07) t). (27)

If we are interested in the electrical current it follows
<=]0‘>t = — Z/ dt/ <<]((XI) (t) ; PB(,I'L) (t/>>> Eo)Be_i(w+15)t/ (28)
i —oo

Before we give further examples and discuss the physical implications of our lin-
ear response analysis, we will therefore discuss in some detail the mathematical
properties of such functions.

2 Properties of retarded and advanced Green’s
functions

We learned that the linear response of a physical system that is initially in
equilibrium can be formulated in terms of retarded Green’s functions:

((A@t); B
—if(t—t) <[A (t),B (t’)]n> . (29)

4 (1)

To simplify our notation we will from now on use a convention where i = 1, i.e.
frequencies and energies are measured in the same units. We further dropped
the superscript (I) for the interaction representation. Keep in mind, that it
is anyway the Heisenberg picture if we refer this to the Hamiltonian H of the
system we are interested in:

A(t) = et Aem Y, (30)
Finally, we introduced

[A, B]77 = AB+nBA (31)
to simultaneously analyze the commutator for = —1 and the anti-commutator

for n = +1. We will see very soon that this generalization to anti-commutators
is sometimes a very sensible thing to do if one considers certain properties of
fermions.

The prefactor 0 (t — t') emerged as a natural consequence of causality. The
response of the quantity (A), was only influenced by W (¢') with ¢’ < t. It
is however possible, at least formally, to introduce other Green’s functions.
Important examples are advanced Green’s functions:

Yp(tt) = (A@D):BE)
= 0 -0(AW®),BWX)],) (32)



or time-ordered (sometimes called causal) Green’s functions -

a8 (tt) = (A@);B(t))°
= —i(T,A(t)B(t)) (33)

with time ordering operator
T,AQ)B({')=0(t—t)A@E)B({')—nd{t' —t)B(t')A(t). (34)

Because of our insight that retarded Green’s functions determine the linear
response, we predominantly investigate this function. The advanced and time-
ordered functions can be easily analyzed along the same lines. In fact all func-
tions contain essentially the same information.

2.1 Homogeneity of time

An important property of all of those Green’s functions is that they are only
functions of the difference ¢ — ¢'. It holds

e () = —io—t)([A@®),BX)],)
= —ib(t—t)(A(t)B{) +n(B{t) A1) (35)
The correlation functions are explicitly given as
<A (t) B (tl)> _ %tr (efﬁHethAeftheth'Be*th')
_ %tr (e—ﬁHeiH(tft’)AefiH(tft’)B)
= (A(t—=1)B(0) (36)
and similar for (B (t') A (t)) = (B (0) A(t —t')). Thus, it follows

W (tt) =Gy p(t—t). (37)

The reason why we could demonstrate this behavior is that the thermal aver-
age, with Boltzmann weight e=## and the unitary time evolution, with e~*H*
commute. They are both governed by the same Hamiltonian. Physically it cor-
responds to the fact that there is no preferred absolute time in a system that
is in equilibrium. An implication is that any stationary distribution function,
even those that are not in equilibrium but that yield states without preferred
time point must have a density matrix p = p (H, X;) that only depends on the
Hamiltonian and maybe on other conserved quantities X; of the system with
[H,X;] =0.

2.2 Equation of motion

The fundamental equation of motion of quantum mechanics is the Schrodinger
equation. For operators that are not explicitly time dependent in the Schrodinger



picture, the Schrédinger equation is equivalent to the Heisenberg equation®:
i0hA(8) = [A(t) , H]_. (38)

This enables us to determine the equation of motion that follows from the
Schrédinger equation.
We start from

0G5 () = 2 {0 ([A®).BO),)}
6 (1) (14.B],) +0(1) (A1), B 0)],)
= s (14,8],) ~i0 () ([A@0), H_,BO)] ). (39

where t now refers to the relative time. The last expression can itself be written
as a retarded Green’s function

b () = (AW, H]_; B@))) = =i () ([[A@®), H]_, BO)], )

and we obtain the equation of motion for retarded Green’s functions.

(A, B]
(4,8,

(1) (40)

i0:G'y s (t) =6 (t) <[A, BL,> +Glam_

)

Thus, in order to determine one Green’s function one needs to know another one.
We will see that in case of non-interacting systems the newly generated Green’s
functions form a closed set, which allows, at least in principle, for a full solution.
On the other hand, for a generic interacting many body system a closed solution
only exists when one analyzes conserved quantities with [A, H]_ = 0 or at least
densities of conserved quantities. These aspects will all be discussed in greater
detail below.

Because of Eq.(37) follows that we can Fourier transform the Green’s func-
tion

Gl (w) = / 4Gy (1) €. (41)
The equation of motion for the Fourier transforms are then easily obtained as
w6 5 (@) = ([4,Bl,) + Glam 5 @) (42)

It is now only an algebraic equation.

If one repeats the same analysis for the advanced and time-ordered Green’s
functions, one finds identical expressions as in Eqs.(40) and (42). On the other
hand, the detailed time dependence of G" (¢), G (t), and G°(t) is obviously
very different. From the definition of these quantities follows for example that
G" (t <0) = 0, while G*(t > 0) = 0. Thus, if one wants to determine the
correct solution of the equation of motion one must incorporate those boundary
conditions appropriately. This also implies that the Fourier transform in Eq.(41)
has to be performed with some care. To address these issues we will next analyze
the analytic properties of Green’s functions in some detail.

IRecall, that we use a system of units with & = 1.



2.3 Lehmann representation

In what follows we determine a rigorous representation of G% 5 (w) that reveals
a lot about the analytic structure of Green’s functions. Let {|I)} be the exact
eigenfunctions of the Hamiltonian with eigenvalues {E;}, i.e.

HIl) = E|l). (43)

Then, we can write a thermal expectation value as
(A) = tr (pA) = % > e PEA. (44)
l
For a correlation function follows accordingly
(A(t)B(0)) = %ZfﬁE’ (1A () B(0)[1)
1
_ ;;e—ﬁm (I ‘ethAe_thB| )
_ ;;ﬂ:eﬁE’e“(E’E’") (|A|m) (m|B|l)  (45)

The same analysis can be performed for (B (0) A (¢)) and yields

1 _ _it(E—
(B(O)A(t)) = Eze Pt B Em) (1| Bl m) (m | A|1)
L.m
1 - it(B,—E,
— Y EED (Al m) BT (40)
l.m

In order to analyze the frequency dependence of the Fourier transform of
the Green’s function we first consider the Fourier transform of the correlation
functions

> dw —iwt
(B(0)A(t)) = J(w)e . (47)

o 2T

For the inverse transform J (w), which we also call the spectral function, follows

J (w)

/ T dte (B (0) A (1))

—00

1 o0 .
= e A m) (m B / dtet@+E=E) (4g)
l.m -

We use [7_dte™ = 27§ (w) and obtain:

27

J (w) Z

S e BB (1Al m) (m |B|1) 6 (w+ Ey — ). (49)

l.m

10



At T = 0 this expression simplifies further. Let us consider a singly degenerate
ground state with energy Ey. Then follows Zr_o = e #Fo. Similarly, in the
sum over m only the ground state(s) contribute and we obtain

Jr—o (W) =21y (0[B[1) (1|A[0)6 (w + B, — Ey). (50)
l

Notice that in case where B = At follows (I |A|m) (m|B|1l) = [(l|A|m)|* >
0. Thus, the spectral function is real with J (w) > 0. With our above results
for the two correlation functions follows immediately

(A(t) B(0)) = /OO ‘;%eﬂwj(w)e*iwt. (51)

We use these results to write for our Green’s function

ap (W) = —i/m dte’'0 (t) ((A (t) B) + 1 (BA (1))

— 00

- / o (eBW’ +n) J (W) /_ Tt (1) (52)

oo 2T

To proceed we need to analyze the integral
flw) = / dteito (1)

= / dte™?
0

o0

— lim dtei(eriS)t
6—0+ 0

i

= — 53

w + 10T (53)

To insert the converging factor seems a bit arbitrary. To check that this is
indeed the right thing to do, let us perform the inverse transform

F ) = /oo dw et (54)

o 27w+ 0t

We want to evaluate this integral using the residue theorem. For t > 0 we can
close the contour in the lower half plane, i.e. the contour encircles the pole at
w = —i0". The residue of the pole is 1 (because of the sense of orientation of
the contour). For ¢t < 0 we have to close the contour in the upper half plane.
As there is no pole in this half plane, the integral vanishes. Thus, we obtain
F(t) = 6(t) as expected. This analysis also reveals that causality, expressed
in terms of the f-function, implies that we should consider frequencies w + 0%
with a small positive imaginary part.

11



It follows for the Green’s function

i < (eﬁwl + 77) J (W)
Gan@= | o oo (55)

Inserting the spectral function yields the so called Lehmann representation:

, 1 (e7PBt 4 pePEn) (1] Al m) (m | B| 1)
AB(“’)*E%; Wt B — By 107

(56)

which reveals that a retarded Green’s function, once considered with complex
frequency argument w, is analytic everywhere, except infinitesimally below the
real axis. In fact one can consider the function

1 (e*BE’ + ne*ﬁEm) (L|A] m) (m |B|1)
Gap ()= AT L QD |
with complex argument z and the retarded function is given by
g (W) =Gap (w+i0%). (58)
Repeating our analysis for the advanced Green’s function yields
%5 (W) =Gap (w—1i0T). (59)
If one keeps in mind that under the integral holds
1 1
w+ 10T Pw i (), (60)
where the principle value of % is meant in the first term, we obtain:
o0 dwl ,
T _ (a _ hatadl Bw !
O A B Gl RLC0
« 1 1
w—w +i0t  w—w —i0t
= —i(e’+n)J (W) (61)

For B = Af, where the product of the two matrix elements is real, the ad-
vanced function is the complex conjugate of the retarded function. Considering
once again the frequent situation where B = At it holds

J (w) = —2n, (W) ImG"} 4+ (W), (62)

where
1

ny (W) = Fo (63)

12



is, depending on whether we use the commutator or anti-commutator, the Bose
or Fermi function, respectively.
In case of B = A we also obtain the famous Kramers-Kronig relation

@)= - [ L l) (64

I . )
o T w—w 4130t

which reveals that the information about the Green’s function is fully contained
in its imaginary part, a result that is a consequence of the constraints brought
about by causality. This result also allows for the analysis the function G (z)
introduced above and yields

GAAT(Z):_/OO diwlw (65)

/
e T z—w

Finally, we can use our results to determine expectation values of correlation
functions via

aw) = [ Erwe

- _ /OO d?wnn (w) TAB (w) 2_Z G?AB (W) e_i“t. (66)

— 0o

In particular, we can use this expression to determine static expectation values
(e.g. in case of B = AT)

t *° dw -
(ATA) = — —ny (W) ImG) 45 (w) -
o T
The previous results finally allow for a proper interpretation of the equation
of motion in frequency representation. We obtain a Green’s function with proper
boundary conditions if we simply analyze

(w+i0%) G () = ([4, B, ) + Gla_m (). (67)

This immediately guarantees that the back-transform G 5 (t) obeys the correct
boundary condition and vanishes for ¢ < 0.

As will be discussed in greater detail, one can also show easily that Green’s
functions obey certain sum rules, the easiest of which is

[ dwG) p (@) = —in ([4,B],). (68)
3 Photoemission and single particle Green’s func-
tion

Photoemission is a widely used experimental approach to study the electronic
properties of solids. It is based on the photoelectric effect that was initially

13



discussed by Einstein. The irradiation of a solid with light gives rise to the
emission of electrons. In what follows we discuss this effect within a many-body
theory.

Let the many-body wave function prior to the irradiation be the initial state
‘\Ilrj,\w = |m) where we explicitly denote that we are considering a system with N

particles. Let the final state be given as ‘\I/}V > The corresponding energies are

EN and E}V . The transition probability per unit time between the two states
is then given by Fermi’s golden rule

w =27 [(N [V )6 (w— EN + EY). (69)
The perturbation caused by the irradiation is of the form
V=-P-E. (70)

Since the polarization is a single particle operator, i.e. an operator that we can
write in the form: )
V= > dip il e, (71)

k. k'aa’

where 7/’1101 is the creation operator of an electron with momentum k and spin

a and dﬁﬁ,/ = — (ka|P|k'a’) - Eq refers to the dipole matrix element.

The kéy assumption of the usual description of photoemission is the so called
sudden approximation, where we assume that the excited photoelectron does not
couple to the remaining N — 1 electron system, i.e. it is excited highly above
the Fermi energy of the solid and rapidly leaves the system. This is at least
consistent with the usual view that photoelectrons originate only from a few
top-most layers of the solid near the surface. Thus, we write

(O = 5 [T ) (72)

is the photoelectron added to one of the eigenstates of the N — 1-particle system.
At the same time we assume )y, 5 |U))) = 0, i.e. the photoelectron state is not
mixed into any of the relevant initial states of the system. The emphasis in
the last term is on “relevant”. At T = 0, the only relevant initial state is the
ground state, and for finite temperatures we are only interested in states with
excitation energy F,, — Fy ~ kpT.
It follows
2

w=2r <w Vs S e wﬁ> Sw-BY +BY) ()

k.k'aa’

Since Y, s |\I/,Nn> = 0, it must hold that oo = 8 and k = ky, i.e.
It follows
2

w = 2r <\1le1 Zdﬁfkwka \Iff,i> §(w—E} +E)) (74)
k,«

14



We now sum over all initial states | ) = |m) with initial probability p,, =
%G*BE"L and over all final states |\I/lN_1> = |l) , and take into account that
the final energy E}V = €k, + EZN ~1is the sum photoelectron energy ey , and of
the energy EZN ~1 of the remaining N — 1 many body state. It follows for the
intensity

2

27 o
Iy, p (w) = ~ > e fEm <1 Zdﬁ}ykwka m> §(w—ex; — Ei+ En) (75)
k,«a

lm

We recognize this result as the spectral function of a retarded Green’s function
with

A = > dy ke
k,«
B = Af (76)
If we recall our earlier result that J (w) = —2n,, (w) ImG" ,; (w) it seems most

natural to use for the photoelectron spectrum of occupied states a quantity that
is proportional to the Fermi function ny (w) = f (w) = (e”* + 1)_1. Thus we
opt for the anticommutator Green’s function with n = +1 and define

a0 = =8 0= )0 ([0 () 0 ©)] )| (1

such that

I, (w) = =2f (w— ex,) Z dﬁ’f(kamGﬁyk,aa/ (w—ex;) di:ﬁ: (78)
kk/,aa’

Thus, except for the dipole matrix elements, the photoemission intensity is
determined by the imaginary part of the retarded fermion Green’s function.
Let us consider a system of non-interacting fermions with Hamiltonian

H=1" (e — 1) ¥l bra- (79)
ko

w1 is the chemical potential. In order to determine the equation of motion, for
Gl xaor (W) we need to evaluate the commutator

[Vka, H] = (e — 1) Yxa (80)

that is particularly easy for non-interacting particles. It follows
(0 +10%) Gl () = { [trns ], ) + (61— 1) Ghaeaws () (51)
Using the usual anti-commutation properties {wka, w;r(, a,} . = pa Okk’ it follows
koo (W) = Saar Ok Gy (w) , (82)

15



with

1

GL (w) = .
e

(83)

We observe that without the infinitesimal part in the frequency, there would
be a pole of the Green’s function at the particle energy ex — u relative to the
chemical potential. We also easily obtain the imaginary part

—%ImGﬂ (W)=0(w—ex+pu). (84)

A sharp peak in the imaginary part is a signature that the system is character-
ized by a particle, a behavior that will be used later on as well, when we analyze
interacting electrons. We could for example use this result to obtain the particle
number

(Wfata) = - / h d%m (@) TmGE, ().

— 00

/DO dwf (W) (w—ex + 1)

—00

flex—p). (85)

Thus, as expected we finD that the occupation number of free fermions is given
by the Fermi function. It turns out that knowledge of the retarded Green’s
function is sufficient to determine all thermodynamic properties of a many body
system of electrons. We will prove this result below for an interacting electron
system.

For the photoemission spectrum follows finally:

2
6(w—ekf—5ka—|—,u). (86)

2 o
I, p (W) = ;f (w—ex,) Z dﬁ},k

k,a

The experiments then probes the occupied states of a solid and can be used
to determine the energy-momentum relation. Often, one assumes momentum
conservation, at least for the components of the momentum parallel to the
surface and finds

kaﬁ(w)ocf(w—ekf)é(w—ekf —skf—l—,u).

4 Green’s function for free particles

In case of non-interacting fermions and bosons, one can obtain a closed expres-
sion for the Green’s functions. To this end we consider a Hamiltonian of the
form

H = Z hijCZCj, (87)
ij
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where c;-r and c; are creation and annihilation operators of fermions or bosons in
states with single particle quantum numbers ¢ and j, respectively. Those quan-
tum numbers could be momentum, lattice sites in a solid, spin, or a combination
of spin and momentum, depending on the problem at hand. The fact that we
confine ourselves to bilinear forms (only two operators) reflects that we consider
noninteracting particles. We do, however, not assume that h;; is a diagonal
matrix, whose diagonal elements are then the single particle eigenstates. In
case of bosons (fermions) we use the well known commutator (anticommutator)
relations

[ci7c;]n = 0y,
[ci,cj]n = [cj7c§]n:0, (88)

with n = -1 (n=-1).
We first determine the so called single particle Green’s functions?

G (1) = —if (t) <[c (t) ,cj]n> . (89)

For the analysis of the equation of motion we have to analyze the commutator

fess H]_ = hum |3, ] (90)
Im N
It holds
[ci,czrcm} = ciczrcm — c}cmci

_ T I

= —NCCiCm + 0iCm — €] CmC;
2

= 79 cchch- + 8;1Cm — c}cmci

= 5¢lcm, (91)

which yields
[Cia H]_ = Z NimCm, (92)

regardless of whether we consider bosons or fermions.
For our equation of motion follows then

(w+i0%) Gy (w) = 6ij + Y him Gl () - (93)

We see that the equation of motion closes in the sense that only Green’s functions
of the type defined in Eq.(89) are needed. It is also natural to introduce a matrix

2To simplify our notation we use G7; (t) instead of G:CT ().
)
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G (w) with matrix elements Gi; (w) and similarly h for the matrix representation
of the Hamiltonian with elements h;;. Then follows?

wG W) =1+h-G W), (94)

or

(w - ﬁ) Gw)=1. (95)
This leads to

mM:@fQA. (96)

Thus, in order to determine the Green’s function of a non-interacting gas of
fermions or bosons, it is sufficient to diagonalize a matrix in the space of single-
particle quantum numbers. This can be a non-trivial task on its own, e.g.
for disordered systems where h;; are realizations subject to a certain disorder
distribution function. In systems with translation invariance the single-particle
eigenstates of the Hamiltonian are plane-waves with eigenvalues ¢y that depend
on the specific dispersion relation of the problem (e.g. ex = % — p for solutions
of the Schrédinger equation). This immediately determines the eigenvalues of
the Green’s function

1
Gy (w) = ———,
i () w40+ — e
a result that we obtained earlier already for free fermions.
In a solid, with discrete translation invariance, the eigenstates are the bands

€k,» Where the momenta are from the first Brillouin zone and we find accordingly
. _ 1
I{Jl (w) T w0t —ex n

(97)

4.1 Perturbation theory and Dyson equation

An important application of our matrix formalism can be made for systems
where we can write

hij = €%8;; + Vij, 98
J J J

i.e. we are in the eigenbasis of a bare Hamiltonian h° with eigenvalues €7, while
an additional perturbation is off-diagonal.
This suggests to write

Gl o= w—h'-V
A =1 N

= Gy -V, (99)

~ =1 R
where Gy = w — hY is the Green’s function of the bare Hamiltonian, i.e. the
bare Green’s function. It is a fully diagonal matrix, i.e. we have

5
i (100)

w—£&;

Go,ij (w) =

3We drop the index r for the retarded function with the understanding that it follows via
w— w+i07T.
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Eq.(99) is called the Dyson equation for single particle systems, i.e. for systems
without interactions. We can multiply Eq.(99) from the left with G and from
the right with G and obtain

G =Go+GVa. (101)

A perturbation theory in V can now be generated by iterating this equation
repeatedly

G = Go + G()Véo + GoVéoVéo s (102)

4.2 Higher order correlation functions

The knowledge of G7; (w) yields immediate information about expectation val-
ues of the form <czcj>. Suppose we want to know something about a more

complicated expectation value, such as <c}c£clci>, we can equally find closed

expressions for the corresponding Green’s functions. To this end we analyze
Gap =G, ji with A=c¢; and B = c}c,tcl.

The equation of motion follows immediately, as the commutator with the
Hamiltonian is the same

mekl (w) = <[Ci, C;»CLCZ} > + Z hime,jkl (w) . (103)
n m

The remaining commutator or anticommutator is easily calculated as:

[cl-, c;czcl} = cic;czcl + nc;czclci
n

= —nc}ciclcl + 5ijc};cl + nc;c;reclci

— c}c,tcicl - n5ikc;-cl + 5¢jc;r€cl + nc}c};clci
= Jichcl - 775ikc;cl. (104)

This yields for the equation of motion the result:
WG, ki (W) = 035 <chl> — N0k <c}cl> + Z himGm,jkt (W) . (105)
m
If we use our earlier result for the single particle Green’s function we can write

this as
S (Gw™)

m

G, ikt (w) = 0;5 <CLCl> — N0k <C;Cz> , (106)
which can be multiplied by Gs; (w) and summed over . It follows
Gk (W) = Gy (w) <c£cl> — G (W) <c;cl> (107)
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These functions can now be used to determine the expectation values <c;(c;;clci>

<c;c;iclc,;> = <c;r.ci> <c;r€cl> -7 <c;-cl> <CLC¢> . (108)

Thus, we are able to express a more complicated expectation value in terms of
simpler ones, a procedure that is correct for arbitrarily complex operators. In
fact the last result is the simplest case of a more general statement that goes
under the name of Wick theorem.

and it follows

5 Screening of the Coulomb interaction

In what follows we want to investigate a first non-trivial problem in many-body
theory, the screening of the long-range electron-electron Coulomb interaction.
Before we go into the details we summarize our conventions for the Fourier
transformation between real space and momentum space. We consider always a
large but finite volume V together with some sort of boundary conditions that
imply discrete momentum values k, where two neighboring points are separated
by Ak = % For an arbitrary function f (r) we then use the convention

fi = / dirf (r)e kT (109)

with back transform )
_ ik-r
fl) =5 e fi (110)
k

Here we used that [ d%re’™ = Voo and &>, e ** = §(r). Note, that
those are not the only conventions used in the literature. Frequently one finds
a prefactor 1/ VV in front of both, the sum and the integral in the above defini-
tions. The justification of our choice is that it allows without problems to take

the limit V' — oo, where ¢ >, --- — [d%% -+ and Vix o — 6 (k). With this
convention follows for example for fermionic operators:

Pra = / dri) (r) e T (111)
that (o (1), 9 (r')] . = dapd (r —1’) implies

|:’lpka7wlt/ﬁ:|+ = 604,8V6k,k’- (112)

For the Hamiltonian of a free electron system

1= [t 3l @) (-i9) v () (113)
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follows accordingly

Ho = > e (k) U, Yka- (114)

ka

Another relevant quantity to be Fourier transformed is the density
p(r) = ¥l (r)tha(r). (115)
o
It follows
pa = X [atrit ) va e
@

1 ; /
= W Z /dd’re_lr'(q-i_k_k )’(/}ltawk/a

akk’
1
= 7 2_Yka¥kiaa: (116)
ak
Another famous example for a Fourier transformation is for the Coulomb inter-
action
. o 1 4
/d‘sreﬂq'r— - (117)
rl g

5.1 Density response and dielectric function

Let us consider a system of electrons exposed to the external electric potential
as perturbation

W@zfﬁwwwmmw, (118)

where the external time and space dependent potential ®** (r, ) couples to the
electron charge density

P (x) = —e > Pl (r) Ya (r). (119)

Here we used that electrons are negatively charged, i.e. we work with e > 0.
Below it will be more convenient to work with the particle density introduced
in BEq.(115), i.e. p°(r) = —ep(r).

If we are interested in the induced electron charges we can use our linear
response formalism:

) = )+ [ ).

— 00

= () +e /Oo dt'd>r’ ((p (x,) 3 p (', 1)) o™ (', ']120)

— 00
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Thus, the dynamics of induced charges is determined by the retarded density-
density Green’s function

X(I‘,I‘/,t) = —(<p(r,t);p(r’,0)>>
= ’ie(t)<[p(r,t),p(r/,0)]7>. (121)

If we assume that our system is translation invariant, x (r,r’,t) becomes
a function of r — r’ only. In addition the equilibrium density <pel (r)> = pg
becomes independent on r. It follows

oo
(p (x)), = p§ — 62/ dt'd®r' x (r — v/t —t') o™t (v, 1) (122)
—00

A solid is electrically neutral. The electron charges are then compensated by
the positive charges of the ions. A popular model to describe the ionic charges
is the so-called jellium model. Here one assumes a uniform positive background
charge pion of the ions that is, on the time scale of the electrons, fixed. Charge
neutrality implies that pi°® + p&' = 0. The total induced charge

P (r,t) = (p (r)), + p'" (123)

in our solid is then related to the external potential via
) o0
P (r,t) = —62/ dt'd®r’ x (r — v/t —t') o™t (¢, 1). (124)
— 00

As required by charge neutrality, the total induced charge vanishes without the
external potential.

The above relation between pd (r,t) and ¢ (r/,#) is a convolution with
respect to the temporal and spatial arguments. This can be simplified by going
to momentum and frequency space according to:

F(q,w) = /d‘n’r/dte_i(q'r_“t)F(r,t). (125)

It follows: _
P (q,w) = —ex (q,w) 9™ (q,w).- (126)
The perturbation W (t) can alternatively be written as
. el ext (p/ ¢
W (t) = / d%dﬁr'p(r)”,(lr’), (127)
r—r

where the external charges are simply the sources of the external potential

ext (I‘I7 t)

SOext (I‘,t) — /dST,/p

i.e. it is the solution of the Poisson equation with external charges as sources:

(128)

r—r]

V2™t (r,t) = —4mp®™* (r,1). (129)
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This formulation allows to make contact with the usual formulation of the elec-
trodynamics of continua where the sources of the electric field are all charges,
external and internal ones

V-E=4rm (p™ + p™), (130)

while the displacement field is introduced as the field that has only the external
charges as sources

VD = 4mp™t. (131)
The linearized relation between the two fields is
D (r,t) = / dt'd®r'e(xr — v/t =t E(x',1). (132)

with dielectric function €. Once again we assumed translation invariance and
the homogeneity of time. We then obtain after Fourier transformation

D(q,w) = ¢(q,w) E(q,w). (133)

The above equations for the electric field and the displacement field become in
Fourier space

iq-B(qw) = 47 (0" (qw)+p™(q,w))
iq-D(q,w) = 4mp™(q,w). (134)

Expressing D(q,w) in the second equation by ¢ (q,w) E(q,w) allows us to write

ind _ 1 o ext w
e = (o 1) @), (135)

Thus, the dielectric function relates the external sources to the induced charges.
On the other hand, Eq.(126) established a relation between the induced charges
and the external potential. As discussed, the external charge density and the
external potential are related by the Poisson equation, which becomes in Fourier
space

™ (q,w) = 4dmp

With this relation we obtain

(g, w). (136)

: 1 47

ind ext
q,w) = —1) q,w). 137
) = (o 1) me(a) (137

Comparing this with Eq.(126) yields
1 4me?

=1- X (q,w) . 138
¢(q,w) ¢ (2,) (138)

Thus, the retarded density-density Green’s function y (q,w) determines the di-
electric function. An interesting implication of this result is that the dielectric
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function diverges for for ¢ — 0 if x (q,w) does not vanish at least as ¢2. We
will see by explicitly analyzing the density-density response function that this
is indeed the case and leads to a qualitative change in the space dependence of
the effective Coulomb interaction, i.e. the screening of the Coulomb interaction.
More specifically, Eq.(138) allows to study the effective potential

1
£(q,w

¢(q,w) = ) ™ (q,w) (139)

that has as sources the total charge, i.e.
V2 (r,1) = —4 (6™ (x,) + o™ (r,1)) .

If we consider for example a single point-charge as source, we have p®™* (r,t) =
ed (r), which yields p®™* (q,w) = 27ed (w) and finally ¢*** (q,w) = 27ed (w) ‘}1—’;.
This yields after back Fourier transformation with regards to frequency a time-
independent potential:

4me
)= —. 140
Plat)= =0 g (140)
Another interesting scenario occurs when
e(q,w) =0. (141)

If there are momenta and frequencies where this obeyed, an infinitesimal exter-
nal charge or potential will induce a large charge response. Below we will see
that this gives rise to plasma oscillations of the electron system.

5.2 Density response of non-interacting electrons

A central quantity in our analysis of the Coulomb interaction is the retarded
density-density Green’s function (times —1):

X (I‘, t) =0 (t) <[p (I‘, t) P (07 O)]7> ) (142)

with electron density p (r,t) = >, ¥}, (r,t) 1, (r,t). The Fourier transform of
this function with regards to the spatial degrees of freedom is

xa) = 0053 (0.0 0] )

- -2 > 40 (030

In what follows we first determine this function for a system of noninteracting
electrons with Hamiltonian

1 t
H= v % 1ty Vka- (143)
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Recall that our result for the single particle Green’s function

Ciese (1) = —i6 (1) <[¢ka ORON +> (144)
Vi
Grx (W) = —— K’ (145)

as follows from the equation of motion.
To determine the density-density Green’s function it is convenient to analyze
the general two-particle Green’s function

(ke O Vcraa (09l gth—as) ) (146)

The equation of motion requires the analysis of the commutator
¢la¢k+qm¢£/5¢k/—q/5} = Viap (5k’,k+qw1];a7/1k’—q’ﬁ - 5k/,k+q’w£/5'¢)k+qa) .

This yields with
(atra) = Voo scf (=) (147)

and Fermi function f (¢) the result:

w <<¢La¢k+qa; 7P1T</51/Jk'—q'5>> = V%6001 xiqdaqq (fk — fatq)
+  (ktq — €k) <<w£awk+qa; wlfgwk/—q//3>> :
This can be solved and leads to

V26050K dq.q (fx — frtq)
; oy o _ aBOk’ k+q0q,q’ (Jk = Jktq
<<'l/}koéwk+qom wk/ﬁwk —q ﬁ>> W — Ektq + K ’

Because of dq,q follows in particular

Xa@) = 3 Wpair-a)) (148)

Inserting the result for the two-particle Green’s function gives after a few steps

12 Jiraq — Jx
" r _ a
Xa (@)= — w+i0F — exiq + ek’

(149)

where we returned to the case of the retarded function.
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5.3 Ewvaluation of the Lindhard function

As we will see next, the density-density response function Eq.(149) can be writ-
ten in the form

" (w)=ppL [ =L, Y 150)

Xq (CU) = PF 2kF7 45F (
with so called Lindhard function L (@, v) that is dimensionless and only depends
on dimensionless arguments. We observe that the natural length scale is the
inverse Fermi wave vector 1/kr and the characteristic energy scale is the Fermi
energy. The natural scale for the density response itself is, as we already noticed
above, the density of states at the Fermi level.
Let us evaluate xg (w) of Eq.(149). First, we notice the general property

oo (@ #0) = 0. (151)
On the other hand we can take the static limit w = 0. For small q follows that

, 1 of
Xqoo (w=10) = 7VZ§11:
ak

B % Ofic of ()
_ 72/ oy s —f/dep(s) sy

At T =0 holds —%(E) = 6 (¢ — ep) with Fermi energy ep. Thus, we find

€

Xg—o (W =10)=pr (153)

with density of states at the Fermi energy pr. We observe that the limits q — 0
and w — 0 do not commute for a system with finite density of states at the Fermi
surface.

For the imaginary part holds

d*k

Imyg (w) = _27T/ W (fictq = f1) 0 (W — Extq +€x) - (154)
T
If one analyses Imyg (—w) , substitutes k = —k’ — q and uses e = £y, it
follows that
Imyg (w) = —Imyg (—w). (155)

Thus, it is sufficient to analyze w > 0.
Since ((pq; p—q)) involves two operators with p_q = pjl, we can use the
Kramers-Kronig transformation to determine the real part:

. 1 o Tmy?! (e€)
Rqu (LLJ) = 7;7) / dETje
2 o elmy? ()

= —— de——4—~ 156

L R (156)
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where we used in the last step that the imaginary part is an odd function. As the
real part only depends on w?, it follows immediately that it is an even function
of frequency:

Rexq (w) = Rexq (—w) . (157)

For a parabolic dispersion ey = % — v and at T' = 0 one can obtain a closed
expression for the Lindhard function and this for xq (w). We first write our

expression as

: 1 Jx Jx
7 _ = — 158
Xq(w) V§<w+i0+€k+€k_q w+i0++€k€k+q>7 ( )

where we substituted k + q — k in the first of the two terms of Eq.(149). We
next use

2
q __kq
€k~ fkkq = —5 - F mﬂ (159)

with p = cosf and obtain:

kr k‘2dk‘ 1 1 1
2 o N2 d'u 2 k - 2 k
o (2m)°J1 WA L ke, a2 ke

Rexgq (w)

We introduce dimensionless variables used in Eq.(150):

y o= Y

n 45F’

q
= = 160
@ 2k’ (160)

as well as p = and obtain
k d, 1
Rex} (w :mF/ pp ( — ) (161)
pQ 77” pQ P

The density of states of a three dimensional parabolic spectrum is p(e) =

\/5%23/2\/5, where we included the spin degeneracy already in p (¢). With pp =
p (er) follows

(162)

such that




We observe that for the real part it is indeed possible to express the density re-
sponse in terms of the dimensionless Lindhard function of Eq.(150). We perform
the integration over p and obtain

QI
Qlx

Q) (prg-0) . (164)
-Q)(r-5+Q)

In the last step we perform the integration over p and it follows

1 p+
Rexg (w) = % ; pdplog E

Qlx

. q w
Rex!, (w) = prL’ (=1, < 165
CXq (OJ) PF <2kF7 4€F) ) ( )

where the real part of the Lindhard function is given as:

2 2
11 v? Gz —(Q+1)
L'(Q,v) = —|—(1—— 2)10 <
(Q,v) 550 o Q° ) log 2 Q1)
2
v 2
v |(5+1) -0
@log —. (166)
(5-1) e
If we consider q = 0, i.e. @ =0, we find with
2 2
2 L —(Q+1
lim1<1—y2— 2>log Q; @ )2:1
Q—08Q Q & -(@-1) 2
and )
v 2
lim — log 5 =1
Q—04 (gf ) —Q?
Q
the desired result that
L(0,v)=0. (167)
For w =0, i.e. v =0 we obtain
1 1-Q2 1-Q
L =I =—|1 1 . 1
@ =@y (1+ 5 w1 0) (163

For large momenta holds Lo (Q > 1) ~ ﬁ while for small momenta holds
Li(Q<l) ~1— %QQ. For @ — 1 the derivative of Ly (Q) diverges logarith-
mically, while Lo (Q = 1) = 1 is finite.

An interesting application of this result is the response of an ideal gas of
fermions to a point-like potential, i.e.

Vet (£, 8) = Vo (r). (169)
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If we use our linear response formalism, it follows for the induced charge-density*
(p(x)), = / a / By (= vt — )V (2 1) (170)

Performing the integration over r’ yields a time-independent density profile

{p(r))

Vox (r,w = 0)

3 o
et [ ot (5t ) )

We can analytically perform this Fourier transformation
i (gt )= = [ e o (5)
L ear = dpL ek
/(277)3 °\ 2kp o (em2 )M\ 2k

> qdq q '\ .
/0 27r2rL0 (2]@) sin (gr)
cos (2kpr) — SnGker)

2kpr
- £r_ 172
Ar (2kpr)? 172)

Thus, an impurity potential induces a density variation that is static and that
oscillates with a period of twice the Fermi momentum

COS (2kFT) - SiHQ(EI;}:T) (173)
A (2kpr)® '

{p(r)) = —prVo

These oscillations are called Friedel oscillations after the French physicist Jaques
Friedel.

Finally we analyze the imaginary part of the density response. The 64-
function in Eq.(154) implies that only states with ex4q > ek contribute. On the
other hand, the combination of Fermi functions implies that the occupancy of
the states with momentum k and k+ q is different. Taken together, this implies

|k| < kp
k+al > kp. (174)
Thus, the imaginary part is sensitive to particle-hole excitations with energy w.

To proceed we use the version of Eq.(154) after the shift of momenta in the
first term and obtain

i &k
Imyg (W) = -27 ——5 (0 (w— ek +ex—q)
k<kr (277)
—0 (w+ ek — Ektq)) - (175)
4With our above formalism this corresponds to VXt (r,t) = —ep®** (r,t).
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After analogous steps as for the real part we obtain

kr 1
. m mw q
Imyg (W) = “oma ; kdk‘/_1 dup (5 (kq + % u)
mw q
- el . 1
’ < kq 2k M)) (176)

We can perform the integration over p = cosf, switch to dimensionless units,
and consider the function

tin () = pr L () ()
with
s ! v v
@ = g [ el (r+g-0)o(r-5+0)
- 9<p+g+c2>9(p—g—@)} (178)

The integration over p finally vields
™ 14 2 14 2
LWQW)4Q{P<QQ>]OG(QQ)>
14 2 14 2
[1—<Q+Q> 0(1—(Q+Q)>}. (179)

The imaginary part is finite between the two curves (we only consider v > 0 at
the moment)

v = Q+°
v o= Q-1+(Q-1)

Within this regime and for v3 < Q (1 — Q) the imaginary part is simply linear

in frequency with
Qv ==
) Q

5.4 Hartree-Fock analysis of the Coulomb interaction

We finally consider an interacting problem of electrons with long ranged Coulomb
interaction. In real space, our Hamiltonian is given as

H o= Y [ @l we V) )

+ %QZ / sy b ) L () o () i (r) (180)

v — ']

aa’
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Fourier transformation to momentum space yields

1
H = V ; €k¢£a¢ka

1

Z Vkk’ ((l) wlawila/wk’—&-qa’wk—qa (181)

kk’qoa’
with interaction matrix element

4re?

q2

Vi (q) = (182)

The indices k and k' are of course not necessary. We included them here to
allow for an analysis of more general potentials.
We first analyze the single particle Green’s function

Gie (1) = { (e (8)5 0 )) (183)

Thus, our first step is to determine the commutator

1
[Yka, H] = extPra + e Z vk (Q) ¢L/a/¢k’+qa’wk—qo¢ (184)

k’qa’

which gives rise to the equation of motion

(w—ex) <<1//ka§1/111a>>w = 1+ % Z vkx (q)
K'qa

X <<¢£la,¢k'+qa’¢k—qa; ¢1T<a>>w

We see that the interaction between particles generated a more complicated
Green’s function. If one tries to analyze this, more complicated function one
obtains an even worse set of operators in the commutator and, accordingly, an
even more complicated Green’s function. Thus, we are not able to solve this
problem exactly any-longer.

Later we will see that it is efficient to define a so called self-energy via

e (w) = % Zk’qo/ vk (q) <<¢£/a/¢k’+qa/wk7qa5 ¢La>>w’ (185)

((raivia)),

1
w—ex — Ik (W)’

which yields

Gk (w) = (186)

At this point this definition is not overly useful, but we will see that the self
energy has a comparatively easy definition in terms of Feynman diagrams. This
form of the Green’s function reminds us of the Dyson equation

Gk (w) ' = Gox (w) ™' = Tk (W), (187)
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that we encountered in case of non-interacting fermions or bosons with bare
1

Green’s function Gok (w) = o= The self energy plays a role of a frequency
dependent potential for individual particles.

The form of the self energy suggests to search for an approximation, where
one replaces the more complicated Green’s function by a factor times the ordi-
nary single particle Green’s function.

We can make progress if we recall a result for a more complicated Green’s
function that we obtained for free particles. Consider Gap = G; ;i with A =),

and B = w;z/)};wl, we found

Gijr (W) = Gy (w) <c£cl> — Gk (W) <c;r-cl> . (188)

If we use Gap = Gpi 41, it follows for Ggi 41 = Giij; with with AT = 1/1;-[ and
Bt = z/Jsz/kaj, we obtain

Giri (@) = G (w) (vl ) = nGar (@) (wfun ). (189)

Of course, these expressions are only correct for non-interacting particles. In
what follows we will simply assume that we are allowed to use those relations
for interacting particles as well. This implies

((Vhatrrarticaivla)) = ((Vaivhge)) (¥hiqetive)
0 {{kai Yieraar) )y (Ve qaticar )(190)

We use that the the Green’s functions are diagonal in the momentum and spin
indices and obtain with ny, = wlta@[}ka:

((Vhatrranticanivla)) = Gi@)V (Bao (ar) = ndicie+adac (mica))

If we insert this into the equation of motion or, alternatively, into our definition
for the self energy, we find

1
Yk (w) = v Z Ui,k () (0g,0 (Nkrar) — MOk Kk +q0aa’ (Mirar))
k’qa’
1 1 ,
= v g vk (0) (nirar) — 53 ; vk (k= K') (nwa) (191)

This is the Hartree-Fock approximation for the self-energy. The first term cor-
responds to the Hartree term and the second to the Fock term. The philosophy
of it’s derivation is indeed the same as in the ordinary, first-quantized formula-
tion of quantum mechanics, where one evaluates expectation values with regards
to an assumed Slater determinant, i.e. a free-particle wave function. Here we
also evaluated interaction effects in the equation of motion, pretending that the
higher order Green’s function can be analyzed the same way as for free particles.
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There is a simple rule that exists for the evaluation of these higher order
Green’s function. We consider the operator wl/a,wkurqa/z/)k,qa and replace a
pair made out of a creation and an annihilation operator, once they are next to
each other, by its expectation value. If it is necessary to change the order a minis
sign might occur for due to the anti-commutation rules. Thus we approximate

wl’a’wk'+qa'wk—qa ~ <wlt’a'¢k’+qo/>¢k—qa
- <¢l/af¢k—qa>wk'+qa/. (192)

If we further use that the momenta and spins in the expectation value have to
be the same, it follows

U taaVk—aa X g0 (Mvar) Yiqa
— 6k,k’+q6ao¢’ <nk’oc’> wk’+qa'- (193)

Inserting this expression into the Green’s function yields the above result for
the self energy.

If we insert this self energy into the Dyson equation we finally obtain a
result for the Green’s function within Hartree-Fock approximation. This Green’s
function can then be used to determine expectation values like (ng/q/). Since
the self-energy itself depends on those expectation values, one sees that one is
confronted with a self-consistency issue. Thus, one has to assume a certain result
for (nyr/), use this ansatz to determine the self energy and Green’s function
and check whether resulting (nys.) agrees with the initial ansatz. If not, one
has to use a better ansatz. A good approach to solve this self-consistency
problem is to use the occupation one just obtained and an improved ansatz
and iterate this problem until convergence is reached. This self consistency
procedure demonstrates that one includes in the Hartree-Fock approach effects
to arbitrary order in the interaction. This sounds encouraging, however, one
certainly didn’t include all effects. Only the first order contribution to the self
energy that is completely contained in the approach. We will discuss these issues
later-on during the course.

Returning to the Coulomb problem one should get rather nervous if one looks
at the Hartree term. Here one has to analyze the matrix element vy (q = 0)
while the interaction diverges like g2 for small q. Here the self energy amounts
to a shift in energy

4
Je = — lim —¢ 00
a—0 ¢q
where pg = —e [ (ggT’;g > o (Nka) is the electron density in equilibrium. Thus,
this energy can be written as
de = —e/dgr% (194)
r

Physically this is the Coulomb repulsion of a given electron by all other electrons
in the system. This yields an infinite shift of the energy of each individual
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electron and seems to suggest that the system is not stable. In fact we know that
for an infinite system the energy density of a homogeneously charged plasma is
infinite because of Coulomb’s law. In the real solid this is compensated by the
attractive potential that each electron feels because of the positively charged
ions. The instability we obtained is solely a consequence of the fact that we
forgot to include the positively charged ions in our Hamiltonian. Since py =
—pion and because we consider a jellium model with homogeneously charged
background, we include this Coulomb interaction by shifting all energies by

Seion = —¢ / di”r”'i"'“ (195)
r

in the Hamiltonian (¢ (k) — (k) + d€ion). As a frequency independent self

energy does nothing else but correcting the energies in our Hamiltonian, we see

that the Hartree term exactly cancels d€;o,. Thus, for a Coulomb problem we

only need to include the Fock term, which for fermions with nn = 41 is given as

A3k’ 4rme?
> :_/ii _—
§ ) k1

It amounts to a correction of the single particle energy, i.e.

Cre(w) = ——. (196)

*
w— &g

with renormalized dispersion
et = ex + Dk (197)

As long as the Coulomb interaction does not break the rotational symmetry of
the system, the renormalized dispersion will continue to depend on the magni-
tude of the momentum: k = |k|. Thus, the system will be characterized by a
Fermi momentum kp. Since the Green’s function looks like the one of a free
Fermi system, it must furthermore hold at 7' = 0 that (nx.) = 1 for k < kg
and (ng,) = 0 for k > kp, which yields that kr must be unchanged by the
interaction and is fixed by the total density. If follows

e? b 12 310 ' 1
N B A I . —
F w /0 /_1 M2 17 —2kkp

2k k+ K
- Ji/ k’dk’log‘ +

7Tk 0

21.2 1

k—FK

k k/k
- ¢ F/pdplog‘/Fer‘
0

7k k/krp —p
2k 1(k/kp)® =1, |k/kp+1
- _crr 1+7(/F) log [kr +
™ 2 k/kiF k‘/k’F -1
We see that at kp the self energy is ¥, = —62%. This quantity can alterna-

tively be absorbed in the new chemical potential, needed to obtain the correct
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density. More interesting is the momentum dependence of the self energy. It
holds for k near kr that

8Ek erF 2]fF
= 1 198
5% o8 |7 1| (198)
i.e. we obtain a logarithmically divergent correction to the velocity
Oej, k0%
=t =—4 —. 199
U9k T m ok (199)

This result played a role in the early stages of the theory of interactions in met-
als® However, the inclusion of higher order processes of the perturbation theory
strongly suggests that this divergency is spurious. Nevertheless, the Hartree-
Fock approximation is a useful tool to get a first idea about an interacting
many-body system.

5.5 The random phase approximation for density correla-
tions

In this final chapter on screening of the Coulomb interaction we determine the

density-density Green’s function of an interacting system within an approxima-

tion that is qualitatively similar to the Hartree-Fock approximation.

In full analogy to the case of non-interacting fermions we analyze the Green’s
function

((vha (0 Vrctan ()50 gt—qrs) ) (200)

The additional calculation is the determination of the commutator recall that
we already used the commutator wltawarqav Hg| where He is the Coulomb-

interaction in the Hamiltonian H. It holds

Z v(q) (@/Jla?pilaﬂ/}klfqlalwk+q+q1a

kiqiag

wlt‘i“llawlil ay ,l/)kl‘i'fhoq wk+qa) ; (201)

wla warqa 5 HC:| B

where we used that v (q) = v(—q). Just like in the case of the Hartree-Fock
approximation, we express certain operators in the Green’s function by expec-
tation values. For the first term in the above commutator follows

YAl ~ T
wkad}klalwh—mmwk-&-q-i-qla ~  (nkaq) Q170wka¢k+Q+Q10‘

nka> Ok ki—aq1 aal 7/11(1@1 ¢k+q+q1a

(

+ <nk0t> qi,— qwltlalwkl —qian
(
(

Ny ay) Oky k+q+a Oaas wka¢kl —q1 {202)

5J. C. Slater Phys. Rev. 81, 385 (1951).
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where we “contracted” two operators that are next to each other to their ex-
pectation value. The minus signs are a result of the fact that we had to bring
operators next to each other.

T T ~ T
wk+q1awkla1 ¢k1 +aqion wk-ﬁ-qa ~ Nk > 6011 ,0¢k+q1a,¢)k+q0¢

nka> 6k,k1 604(11 wllal Q/JkJrqa

(

+  (Mka) Oay 7q¢qua1 Vi +aran
(
(

Nk a:1) Ok k+qOaa, ¢L+q1a¢k1 +a10(203)

Inserting these approximate expressions into the equation of motion yields

(W= Ex,q) <<T/’1T<a¢k+qa9 wlfﬁwk’—q’6>> = V25aﬁ5k’,k+q5q7q’ (fic = fita)
+  (fx = fxtrq) Z (v(a) —v(k—Kki)6baa,)
ki

X

<<¢1T<1a1 Yk, +qas s wL’ﬁ¢k'—Q'ﬁ>>

where
Fxq = kiq — €k
are the Hartree-Fock corrected single particle energies. In what follows we will
ignore these Hartree-Fock corrections. It turns out that the term with v (k — ky)
cannot be expressed in terms of the density-density correlation function. It
corresponds to other degrees of freedom but the density, which are coupled to
density fluctuations via the Coulomb interaction. A frequent assumption is that
those degrees of freedom are not coherently coupled to density fluctuations and
will be damped out rapidly. In what follows we will also ignore this term. This
is called the random phase approximation.
It follows for the density-density Green’s function

Xa (@) = x§ (@) (1 = v () xq @) (204)

which can be solved and yields

X4 (@)
Xa (W) = 0) ) (205)
1+v(q) xq (w)
where ) F 5
© (- L kta — Jk 9
Xq (W) Vv g w+ 10T — Ekiq ¥ £k ( 06)

is the density-density Green’s function of free particles that can be expressed in
terms of the Lindhard function.

If we combine our relation Eq.(138) between dielectric function with the
density Green’s function with Eq.(205), it follows

4me?
e(qw) =1+ qTX.(;O) (w) (207)
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Let us first analyze the response to a static test charge, i.e. the limit w = 0. In
this limit follows

q* + 4me PFLO( 2 )
£(q,0) = f2F (208)

— 0?2 _
LO(Q);(1+12QQ 1og‘1+g‘>. (209)

In the long wave length limit follows Ly (Q < 1) ~ 1 — 1Q?* and we obtain

with

q2 (1 27;6 PF) +471’6 PF
0) =

p (210)

e (q,

If we are in the limit of a good metal, we would expect that the typical kinetic
energy is larger than the typical Coulomb interaction, i.e.
k2, e?

> — 211

with Fermi wave number \p = k— This yields 2”6 LE <« 1 and we obtain

2, 2
q° +q
€(a.0) = "5 Ir, (212)
with Thomas-Fermi wave vector ¢grp determined by
@ = 4me’pr. (213)
We can now determine the electric potential of a static point charge
4re
) = s
2l e(qw=0)¢
4me
= - 214
. (214)
which yields a long distance dependence in coordinate space
2
o (r,t) = We—qTFll”‘. (215)
r

Thus, the interaction of charges is screened beyond the Thomas-Fermi length
-1
4rF-

Finally we can analyze whether we can fulfill the condition ¢ (q,w) = 0,

which amounts to a resonant response to an infinitesimal external charge per-

turbation. tre?
Te w
1 L =0 216
+ 2 (% 45F> (216)
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In the long wavelength limit we can expand the Lindhard function for small
momenta but arbitrary energies. It holds

Q> Q!
L Ly)=—=__% ... 217
(@ <1,v) 32 byt (217)
This yields
16m €2 ( 12¢€2 q2>
2 2 F F
w:=—-=c"pp—= 1+ . (218)
3 k3, Skw?
The coeflicient
16m 5, €% 4 L k3,
—etpp b = 28
3 kz 3m m
can be expressed in terms of the particle density n = f k<hp (fT’)“a = % and it
follows
2_ 2 2
w- = wpl =+ wq (219)
with plasma frequency
4rne?
2
= . 220
wpl m ( )

Since the imaginary part of the Lindhard function vanishes at small ¢ and
finite w, these collective modes are undamped. The correspond to the emergent
response of a charged fluid to an external charge perturbation. The plasma
frequency of usual metals is in the regime of several electron volts, i.e. it is a
very high frequency collective mode.

Part III
Diagrammatic perturbation
theory at finite T

In the previous chapters we learned that retarded Green’s function can be de-
termined from an analysis of the equation of motion. The approach is very
straightforward and powerful for non-interaction systems. However, as soon as
one wants to incorporate effects of interactions, the method is not very trans-
parent and efficient. An elegant alternative is the analysis of Green’s functions
using Feynman diagrams. A diagrammatic perturbation theory can be devel-
oped for time ordered Green’s functions. Historically the formulation was done
first for the so called causal Green’s function

G5 tt) = ((A@);B{E)))"
= —i(TA@t)B({")), (221)
with time ordering operator
TAGOBW)=0t—-t)A®)B{')—n0{t' —t)B(t')A(t). (222)
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While these functions can be efficiently determined in terms of Feynman dia-
grams, it holds that they are analytic functions in the complex plane only in the
limit T' = 0. For this reason we will not discuss causal Green’s function further.
Instead, an elegant and very efficient approach valid also at finite temperatures
can be developed in terms of Matsubara. Before we discuss Matsubara functions
we briefly summarize the concept of the S-matrix, as it will play an important
role in our subsequent analysis.
Let us consider a Hamiltonian

H=Hy+V (223)

that consists of a free part Hy and an interaction part V. The time evolution
is governed by
e tH(t—t") _ e~ Hot g (¢,1) piHot' (224)

which defines the S-matrix. With this definition follows for the time dependence
of an arbitrary operator in Heisenberg representation

A (t) _ ethAe—th
= ST (t,0) e Hot ge~tHot g (1 ()
ST (t,0)A(t)S (t,0) (225)
where R . ‘
A(t) = e ot ge—tHot, (226)
In order to determine the S-matrix we consider the time derivative of
S(t,t) = ptHot ,—iH (t—t") ,—~iHot' (227)
It holds

) . . s ,
,LHOezHote zH(t t)e iHot

;S (t,t)

_ piHot (iH) e—z’H(t—t’)e—iHot’
_  otHot (iHo — iH) e—iH(t—t’)e—iHot’
—  _iHot (iV) efngteiHote—iH(t—t’)efiHot’
= =iV (t)S(t,t") (228)
To determine the S-matrix we have to include the boundary condition
S(t,t)=1. (229)
The solution of the above differential equation is
S (t,t') = Te~tJirdt"V ("), (230)

Let us demonstrate that this is indeed the correct solution. The boundary
condition is clearly obeyed. Next, we expand the exponential function:

S(t,t) = i Sy (£, 1) (231)
n=0

39



with

Sy = (_ni!)nT/,t dtn"'/,t dty /,t AtV (tn) -V (t2) V (1) . (232)

There are n! possibilities to order of the time variables ¢;. We could for example
relabel the ¢; such that the earliest is called ¢, followed by ¢35 etc. Then holds

t ts to N - B
”T/ dtn---/ dty [ AV (6 V() V (8).  (233)
t/ t/

t

Of course with this specific relabeling we may also skip the time ordering oper-
ation, i.e.

Sy = (—i /t dt,, /ts dtQ/t dt, vV SV () V (1) (234)

It follows _
O Sp (t, ") = =iV (t) Sp—1 (8, 1), (235)

where obviously holds that S_; (¢,¢') = 0. This yields

oS (t,t) = —iV(t an L (1)
= —iV({t Z S, (t,t)
n=-—1

= —iV(t)S(t,t).

Thus, we found the correct solution.

6 The Matsubara function

The Matsubara function is motivated by the close analogy between time evolu-
tion and thermal averaging. One introduces

A(r) =eHAe™™ (236)
and defines
Gap (1,7)=—(TA(T)B(7")). (237)
with
TA(T)B()=0(r—7)YA()B((')—n0(r' —7)B (") A(1). (238)

It is immediately evident why one often refers to the Matsubara approach as
the imaginary time approach with

t— —ir. (239)

40



It is easy to show that the Green’s function is homogeneous with regards to
time, i.e. that
gAB(T,T/)ZgAB(T—T/). (240)

This follows again from the fact that the “time-evolution” and the thermal
averaging is governed by the Hamiltonian H.

6.1 Periodicity of the Matsubara function and Matsubara
frequencies

Next we analyze the detailed time dependence of G4p (7) and show that it is an
periodic (anti-periodic) function for bosonic (fermionic) Green’s functions. We
consider an arbitrary integer m and consider values of 7 that obey:

mpB <1< (m+1)p. (241)
It then follows that
Gars (r —mp) = —tx (¢ P TA(r — mp) B)
Since 7 — mp > 0 we can drop the time ordering symbol:

1
Gap(tr—mp) = —Etr (e_ﬁHe(T_mﬁ)HAe_(T_mﬁ)HB>

_ Ll (r-misE g r-mByH B)

= ——tr (efﬁHBA (r — (m+1)5)) (242)

If 7 < 0 holds
BA(r)=-nTA(7)B.

Since 7 — (m + 1) 8 < 0 it follows

Gan(r—mp) = (e ""TA( ~ (m+1)B)B)
= —nGap(r—(m+1)p) (243)
In particular follows for m — —1 that:
Gap (1) = —nGap (T +5). (244)

Matsubara functions are periodic (anti-periodic) for bosonic (fermionic) choice
of the time ordering. Since both functions are periodic with period 28 we can
always expand in the Fourier series

G(N=5 > G (w) (245)

n=—oo
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where e=2¥%“n = 1 i.e. w, = nm/B. The Fourier coefficients are:

17 :
G ()= 5 / drG () on™. (246)
-B
This incorporates the information with regards to the period 23. We do however

have even more information. It holds

e Pen — _p, (247)

In case of n = —1, i.e. for bosons, we know that the period is in fact 3. Thus,
only the Matsubara frequencies with w, = 2nm/8 contribute. For fermionic
functions we have G (7 + ) = —G (1), i.e. e"#“n = —1, such that now only
odd multiples of 7//5 contribute and we have w,, = (2n + 1) w/8. For the Fourier
coeflicients follows then

1 B . n 0 ‘
G(w,) = 5/0 drG (1) e"n" — 3 /,B drG (1 + B) "7

_ —iwn B B ]

L/ dTg (7_) ezwnT
2 0
B
= / drG (1) e, (248)
0

In summary, we have discrete Matsubara frequencies that are distinct for bosonic
and fermionic propagators:

. (249)
2n+ 1) w/B for fermions

o { 2nr /B for bosons
B ¢

6.2 Relation to the retarded function

All this looks rather artificial as no obvious relation to reality seems to exist
between the Matsubara functions and physical observables. However, if we
repeat the same steps that led to the spectral representation of the retarded
Green’s function it follows:

L H H
Gap (wn) = _E/o dre'™nTtr (6(7—_6) Ae™ 7 B)
1 Ao,
- 2 / dreinT =B e=mEn (1| Al m) (m|B] 1)
Z Im “9
1 e BB _ o=BEum gifwn
= - l|A B|l 250
I N LIC T U N
Since ¢#¥n = —p, it follows

1« (e=PEt 4 ne=PEn) (1| Al m) (m |B|1)
Gap (wn) =5 D ( P l)?z — (251)

5
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If we compare this with the general Lehmann representation that was derived
earlier, it follows

Gap (wn) =Gap (z =iwy). (252)

We already discussed that we can define Green’s function in the entire complex
plane and that the only source for non-analyticity is the real axis. Now we
see that the Matsubara function yields the complex Green’s function at the
purely imaginary Matsubara frequencies. Thus, if we determine the Matsubara
function, we can determine the retarded function via analytic continuation

iwn = w 40T (253)

Thus, knowledge of the Matsubara function allows for the determination of the
retarded function.

This immediately yields information about the single-particle Matsubara
Green’s function. Consider the Hamiltonian

Hy= %: / (;li])“dekwlwka. (254)
We obtain for the Fourier transform of
Gorc () = = (Ttha (7) 0 ) (25)
that )
Gox (wn) = o — e (256)

Here we indicate with (- - - ), that the average is with regards to the Hamiltonian
Hy.

6.3 Evolution with imaginary time

We already introduced the time dependence introduces
A(r) =eHAe ™ (257)
which can be used to determine the equation of motion

0.A(r) = HA(r)—A(n)H
=— [A(7),H] (258)

For our subsequent analysis we will use
eTHe ™ =1, (259)

i.e.

(M) = H. (260)
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In full analogy of the S-matrix we can introduce

S(r,7) = eHor o= H(7=7") o= Hor', (261)
The time evolution of the full Hamiltonian is written as

e (=) — e=Horg (r,7") o™, (262)

In distinction to the real-time S-matrix, S (7, 7’) is not unitary. It does however
hold

S(r,7)=1 (263)
as well as
S(11,72) S (ta,73) = eHomgmH(ri—m2) —HoTagHotao=H(ra=7a) o—Hota
= S(m,m3). (264)

Using 73 = 71, this implies in particular that
S(ri,m) =S8 (r0,m) " (265)

The time evolution of the full Hamiltonian is written as

A(r) = e HemHof (1) THoe=TH
= S(0,7)A(1)S(1,0), (266)
where }
A(r) = eTHopemHo, (267)

The equation of motion for the imaginary-time version of the S-matrix follows
in full analogy to the case with real times
—87—8 (T, T/) _ _eH()T (HO _ H) e—H(-r—T/)e_HUT/
= V(n)S(r,7). (268)

The solution of this operator differential equation is obtained along the lines
discussed above and yields

S (r,7') = Tem I V().

This result can for example we used to express the partition function or
Green’s functions in a manner that is well suited for a perturbation theory. In
case of the partition function holds:

Z = tre PH
= tr (e*ﬁHOS (ﬁ,()))
= Zo(S), (269)
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with our earlier definition for the average w.r.t. Hy and with
B 117 "
S=8(B,0)=e o d"V("), (270)
Thus, we can express the fully interacting partition sum in terms of expectation

values of the noninteracting problem. The same reasoning can be performed for
the single particle Green’s function as

Gu(r) = i (P T (7) 0, 0)

(7998 (8,0)S (0,7) e (1) S (7,0) 9, ()
—tr (TS (8,7) e (1) S (7,0) 0, (0))

= f%tr (e*BHOTS (8,7) S (7,0) Ya (7) ULy (0)>

=t (P T (1) 9, (0) S (5,0)) (271)

[

|

\
(=g
2

If we combine this with our representation for the partition function we obtain

(Thia (1) 9, (0) S (8,0))
(S (3,00,

(Tiia (1) 9L (0)S)
)

The appeal of this formulation is that we can develop a perturbation theory in
the potential V' by expanding the exponentials in the numerator and denomi-
nator, respectively.

Ok (1) =

(272)

7 Wick theorem

The formulation of the Matsubara function in the previous section demonstrated
that we need to evaluate expectation values of higher order operators with re-
gards to a non-interacting Hamiltonian. In our earlier analysis of retarded
Green’s functions of free particles we already noticed that higher order Green’s
functions can be evaluated for free particles. In what follows we develop an
efficient formalism to do this for the Matsubara function. We consider a Hamil-
tonian

Ho = Zeic;rci, (273)
i

where ¢ stands for an arbitrary set of single particle quantum numbers, for
example spin and momentum. We will also use the shorthand notation

Q; =¢; or CI. (274)

45



7.1 Time evolution of creation and annihilation operators

First we analyze the specific time evolution of the creation and annihilation
operator. It holds
ci (1) = eTHogeTHo, (275)

We can solve the associated equation of motion

Orci (1) = —|[ei(7), Ho
= —&ici (1), (276)
which yields
¢i (1) =e77%¢; (0) = e ;. (277)
Thus, it follows
cie” ™o = emTHog e TE (278)

An analogous expression follows for

cf (1) = eTHocfe=Mo (279)

and yields
cj ()= eTEic;[ (280)

as well as
cje_THO = e_THOC;-reTEi. (281)

Let us stress our notation. While cj is obviously the hermitian conjugate of ¢;,
this does not hold that c;f (7) and ¢; (7) once T # 0. CI (1) merely refers to the
time evolution of c;r, while (¢; (7))! = cj (—7).

We can summarize our findings as follows

e THo = g THoy esiTE (282)
where ;
+1 if a;=c
i = . v 2
5 { -1 if o;=c¢ (283)

7.2 Wick theorem of time-independent operators

Next we proof the Wick-theorem of time-independent operators. We analyze
the following expectation value of n creation and n annihilation operators:

1
<Oé]0és o a2n>0 = ?tr (e_BHoalas s Olgn) . (284)
0

Our goal is to proof that

—/ [ —
<041042 T a2n>0 = Q123Qy - - - Qo 1020
+  oogozay - agp—102,
+ -}, (285)
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where the sum goes over all possible pairwise contractions. A contraction is

defined as
a;aj = (o),

and interchanging contracted operators produces a sign 7,

1
Q) = =T OO,
where 1 = +1 for fermions and n = —1 for bosons. It also holds
[ai,aj}n = ooy + oo
0;; for {ci, CH ;
= nd;; for |:C;r, cj}
n

0 for [cicl, or [CLCHW

To proof this statement we use
Qi = —Najo; + [ai, aj]n .

and write

apopQg - - 0oy = [0417 012],] Qg - Qap

— N2t a3 Qon.
If we look at the second term, we find similarly

Qai1Qig -+ - Qg = Olz[Oé1,OZ3] cQigp

n
— N3ty - Oop.

If we repeat this 2n — 1 times, it follows

2n
Q- --ag, = (=)™ oz oy Jon, ], @ -
=2
2n—1
+ (=n) Q203+ - Qan .

It holds of course that (—n)*" ' = —.

Next we perform the thermodynamic average

(agag - -aopo), = —-tr (67ﬂH0a2053 e ozgnoq)

es18e1

= 7 tr (e_’BHOalazag e agn)

0
= <041042053 R Otzn>0 .
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Qan,

(286)

(287)

(288)

(289)

(290)

(291)

(292)

(293)



Here we used our previous result Eq.(282). From Eq.292 follows then

2n ) [Oé a_]
—2 1 J
(agas - agn)y = Z (=n)"" (az- Cr—1 W Q41 "a2n>0-
=2
(294)
Since we are dealing with free particles, it holds of course that
(o) = Su_
(] - . - A
0 eﬂez + 7 1 —+ 776567'
e, el
_ no_ n
 14nefei 14 nesifei (295)
as well as
5is
of S S o) — Y
<Czcj>0 = Oy <cjcl>0 14 ne P’
|:C’L'a C;:|
= — -0 (296)
1 _|_ nesiﬁai ’

while <cjc;> = (cicj)y = 0. With our definition of a contraction, it follows
0
then

(i, aj] —
which leads to:
2n
i [
<a1a2a3 s a2n>0 = Z (—77)] 2 <Ck2 Q] OO Oyt C¥2n>0 . (298)
j=2

The contraction itself is, as we just saw, only a number.
We further define, as intermediate steps of the analysis, contractions between
operators that are not neighbors, i.e.

— —
;000 = —TN0GOGa Qg
—
= —No;o;a ol
= o000 (299)
i.e. we modify the sign of the expression by —n, depending on whether we
performed an even or odd number of exchanges. Then follows

2n
[ —
<a1a2a3...a2n>0 = Zalaj (777)J 2 <a2...aj_1 Qi1 ...a2n>0_
Jj=2
2n
1
= Z<O¢1042---O(j_104j04j+1"'Oégn>0 (300)
j=2
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We can now repeat the procedure for the remaining operators and obtain the
sum over all possible pairwise contractions, which proves Wick’s theorem.
Two examples are:

[
Toool Tk

<01020gc4>0 = 01020304+CJ{020304

= <CJ{CQ>O <c£04>0 + <CIC4>0 <CQC§>O (301)

=1 =

<04{0503C4>0 = 01;050304—&—010;0304

= <CJ{C4>O <0263>0 — T] <CJ{Cg>O <CQC}1>O .

7.3 Wick theorem for time dependent operators

and

For the evaluation of Gy (7) and even for the partition function Z = Z, (S),,, we
consider time dependent Green’s functions

G (i i) = (F1" (Tei il veq) o (302)

where now ¢;, stands for ¢;, (75,) etc., i.e. it also contains a time variable. The
corresponding Wick-theorem is

5" (i ins i dn) = D (=0 Go (in:dp) -+~ Go (insipey) - (303)
P
The sum ), runs over all possible permutations of the indices and P itself
is the order of the permutation (i.e. it is even or odd, depending on whether
an even or odd number of pairwise exchanges had to be done to achieve the
permutation).

Go (i55) = — <TC¢C;>O (304)

is the noninteracting single particle Matsubara function. Before we give the
proof for this expression, we list an example

952) (41,125 J172) = Go (i1 j1) Go (i2; j2) — nGo (i1; j2) Go (23 J1) - (305)

Next we prove the above given Wick-theorem.
It holds (it is now more convenient to explicitly list the time arguments)

A T T
Go (i735) = =0/(r) (ei ()} )+ (=7) {cles (7)) (306)
We use our results for the time dependence of the Matsubara operators to obtain
N —TEi 5. T _ —TE; §. . T .
Go (iT37) = —0 (1) e 7510y, <chz >0 + 00 (—7) e "0y, <clci>0 . (307)
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8 Diagrammatic expansion of the partition func-
tion

end
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