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1. Polarization operator of graphene (18 Points)

In this exercise we will calculate the retarded polarization operator I1#(€Q, q) of a single
Dirac cone of graphene, i.e., of a 2D system with Bloch Hamiltonian

hk = UF(O';D]{JJL« + O'yk'y). (1)

Here o, and o, are Pauli matrices in pseudospin space. In the following we will set
vp = 1 for notational convenience.

(a) Show that the Matsubara Green’s function of the system can be written as
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What is the meaning of the operators Ps? (2 Pts.)

(b) On the imaginary axis, the polarization operator is given by
d’k

with €2, and w,, being bosonic and fermionic, respectively. Evaluate the trace Tr|. .. ],
which refers to pseudospin space, using the representation (2) of the Green’s function
and the Matsubara summation. Perform the the analytic continuation I1(i€2,, q) —
[12(Q, q). (3 Pts.)

(¢) For simplicity, we will focus on zero temperature in the following. Identify the

relevant terms in the expression for the polarization operator obtained in part (b).
(1 Pt.)

(d) To perform the momentum integration, it is convenient to introduce new variables
¢ and n via
=kl +1k+gql, n=Ikl—|k+gq| (4)
What is the geometric meaning of £ and n? In order to rewrite the momentum
integration, show that

2¢> —n* — &
cos(Og ktq) = TR (5)
with 0k +q denoting the angle between k and k + g and that
2 _ 2
dkydk, = S dedn. (6)

4/(q* =) (€ — ¢?)
You might find it useful to choose ¢ = (g,,0) which is possible without loss of
generality. (3 Pts.)



(e) Rewrite the momentum integral in terms of £ and 7 and perform the integrations
using the identity
o 1 -

x
dx = 7
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for w € C (except for w € R with |w| > 1). (3 Pts.)
(f) Sketch Rell®((2, q) and ImIT¥(Q, q) as a function of Q. (3 Pts.)

(g) Check your result for ImIT#(Q, q) by using m = 73% —imd(x) before performing
the ¢ integration. (3 Pts.)




